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Abstract. In a broad class of scenarios, inflation is followed by an extended era of
matter-dominated expansion during which the inflaton condensate is nonrelativistic on
subhorizon scales. During this phase density perturbations grow to the point of non-
linearity and collapse into bound structures. This epoch strongly resembles structure
formation with ultra-light axion-like particles. This parallel permits us to adapt results
from studies of cosmological structure formation to describe the nonlinear dynamics
of this post-inflationary epoch. We show that the inflaton condensate fragments into
“inflaton clusters”, analogues of axion dark matter halos in present-day cosmology.
Moreover, solitonic objects or “inflaton stars” can form inside these clusters, leading
to density contrasts as large as 106 in the post-inflationary universe.
ar
X
iv
:1
91
1.
01
66
1v
2 
 [a
str
o-
ph
.C
O]
  1
2 M
ay
 20
20
Contents
1 Introduction 1
2 Setup 2
3 Linear perturbation growth 3
4 Inflaton clusters 4
5 Inflaton stars 6
6 Conclusions and Discussion 7
1 Introduction
Cosmological structure formation begins in earnest with the onset of matter domina-
tion, tens of thousands of years after the Big Bang. However, the Universe can pass
through a much earlier phase in which initially small overdensities grow gravitationally,
leading to the formation of collapsed structures on spatial scales far smaller than the
prevailing Hubble horizon [1–3]. This occurs during the so-called primordial dark age
[4] following inflation in models which do not undergo resonance or prompt thermal-
ization [5–8], and the coherently oscillating inflationary condensate is fragmented by
growing inhomogeneities.
It was recently demonstrated that this fragmentation is well-described by the
non-relativistic Schro¨dinger-Poisson equation [3], which also governs the evolution of
cosmological structure in fuzzy (or axion or ultralight) dark matter models [9–12].
From the perspective of the Schro¨dinger-Poisson equation, the two epochs differ only
in their initial spectra and parameter values. Consequently, it is possible for the rich
phenomenology of axion clusters and Bose stars to be replicated in the early universe.
Moreover, since fuzzy dark matter behaves like generic cold dark matter on scales
much larger than its de Broglie wavelength, analytical tools that describe structure
formation such as the Press-Schechter formalism [13] can be adapted to the quantify
the growth of these transient, primordial structures.
We use these parallels to analyse the formation of nonlinear structures following
quadratic inflation. We infer that the Universe can become dominated by a hierarchy
of gravitationally bound “inflaton clusters” during the primordial dark age. Further, if
the matter dominated phase lasts long enough, “ınflaton stars”, a class of Bose stars,
can form within these clusters via Bose-Einstein condensation following condensate
fragmentation [14, 15].
We estimate the formation time, size and density of inflaton clusters and use the
Press-Schechter formalism to obtain their halo mass function. This is in contrast to
Ref [3], which directly simulates the breakdown of the condensate with a non-canonical
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Figure 1. Two inflationary potentials: a pure quadratic potential, and an asymptotically
quadratic potential, with the effective quadratic minimum shown as a dashed line.
initial spectrum. We show that the formation of inflaton clusters leads to overdensities
roughly 200 times larger than the prevailing average density, while axion stars can lead
to overdensities on the order of 106.
2 Setup
We are interested in the post-inflationary evolution of scenarios which do not undergo
resonance or prompt reheating. We assume that the inflaton evolves in a quadratic
minimum, or
V (φ) =
m2
2
φ2 . (2.1)
Figure 1 shows two potentials; the pure quadratic case and an asympotically quadratic
potential. In more complicated potentials the amplitude of small scale perturbations
can differ substantially from those at present-day astrophysical scales but in what
follows we focus on the pure quadratic case as an illustrative example. This model has
just one free parameter, so setting m to match the inferred amplitude of the primordial
spectrum at astrophysical scales fixes the amplitude of the perturbations that cross the
horizon as inflation ends.
Quadratic inflation ends when φ ∼Mp, where Mp is the reduced Planck mass. The
first Friedmann equation specifies H2 = 8piGρ/3, where ρ is the density, G = 1/8piM2p ,
so inflation ends with H ∼ m. Pure quadratic inflation produces a gravitational
wave background that is inconsistent with current constraints, so the potential must
“flatten out” at φ > Mp. However, most large field models can be locally approximated
as V (φ) ∼ φn, where n is a parameter that is close to unity and which varies weakly
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with φ. Slow roll inflation ends when the parameter  ≈ 1, or
M2p
2
(
V ′
V
)2
≈ 1 . (2.2)
Consequently, the endpoint of inflation is generically at φ ∼ Mp with H of order m
in large field scenarios, so the post-inflationary dynamics of quadratic inflation will be
representative of a much larger class of models1.
3 Linear perturbation growth
Small perturbations on subhorizon scales are governed by Newtonian perturbation
theory. Density perturbation amplitudes at large wavenumbers k  kf , where kf =
afHf is the horizon scale at the end of inflation, are strongly suppressed. This can be
understood in terms of the so-called “quantum Jeans scale” that appears in the linear
analysis of nonrelativistic scalar fields. Describing the inflaton field in terms of a fluid
with a wavenumber-dependent effective sound speed, the problem is equivalent to the
Jeans analysis of gravitationally unstable fluids [16]. It follows that modes above the
scalar field Jeans wavenumber kJ are gravitationally stable and oscillatory, where kJ
is given by [9]
kJ = a(16piGρ)
1/4
(m
~
)1/2
. (3.1)
Here, a is the scale factor and we show ~ explicitly to simplify numerical calculations.
At the end of inflation, kJ is similar to the de Broglie wavelength and of the same order
as the horizon scale kf . During linear evolution, the growth of density perturbations
is suppressed for modes with k > kJ . Conversely, longer modes with k < kJ behave
like standard non-relativistic matter with amplitudes proportional to the scale factor.
A density perturbation δk begins to grow when k = kJ , i.e. at the scale factor
a(k) = aJ ∼ k4J . From
a
aJ
=
a
af
(
kJ
kJ(af )
)−4
follows that modes with k & kJ(af ) are suppressed with respect to standard CDM by
a factor of (kJ/kJ(af ))
−4 and unchanged for k . kJ(af ). We therefore expect density
perturbations to scale as δ2k ∼ k−8, and the density power spectrum ∆2m ∼ k3δ2k ∼ k−5,
for k  kf .
The detailed linear power spectrum of the density perturbations inside the horizon
during the oscillatory phase following quadratic inflation was derived in Ref. [1] without
reference to a Jeans-type analysis. Their result maps to the standard, weakly k-
dependent slow-roll result on scales outside the horizon at the end of inflation and
drops like the expected power-law on subhorizon scales, ∆2m ∼ k−5. Since the nonlinear
1Small field scenarios where inflation ends at a near-discontinuity in the potential will need to be
treated separately; in these cases the de Broglie wavelength and Hubble radius at the end of inflation
can differ significantly.
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Figure 2. Linear density power spectrum 17 e-folds after the end of inflation for m2φ2-
inflation with m = 6.35 × 10−6Mp and k∗ = 2 × 10−3 Mpc−1 as in [1]. The dotted and
dashed-dotted lines mark the horizon and Jeans scales at the end of inflation, respectively.
subhorizon evolution of perturbations does not depend on the details of the initial
spectrum [3] we work with a generic spectrum, sketched in Fig. 2, rather than anchoring
our analysis to a specific model.
Using the same parameters as [1] (m = 6.35× 10−6Mp, k∗ = 2× 10−3 Mpc−1) to
facilitate comparison, the amplitude of horizon-scale density perturbations is of order
∆m ∼ 10−7. Given that perturbations grow linearly with the scale factor, nonlinearity
will set in when when the Universe has become roughly ac/af ∼ 107 times larger since
the end of inflation, or by around 17 e-folds. Figure 2 shows the linear matter power
spectrum ∆2m evolved to 17 e-folds after the end of inflation by (ac/af )
2.The density
perturbations peak at the comoving horizon scale at the end of inflation, k−1f .
4 Inflaton clusters
On scales much greater than the de Broglie wavelength λdB ∼ h(mv)−1 the nonlinear
evolution is indistinguishable from collisionless cold dark matter as a consequence
of the well-known parallel between the kinetic description of random waves obeying
the Schro¨dinger-Poisson equations and the Vlasov-Poisson equations for collisionless
systems [17, 18].
After becoming nonlinear, overdensities (which by this time are well inside the
horizon) collapse on time scales of order of the dynamical time td ∼ (4piGρ)−1/2 ∼
10−25 s. Since λdB  ac/kf at this time (see below), we can safely neglect wave-
like dynamics and apply the standard methods for collisionless collapse. Accordingly,
collapsed structures virialize with typical overdensities of ∼ 18pi2 into halos that we
will refer to as “inflaton clusters” [20]. Their characteristic mass is determined by the
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Figure 3. Press-Schechter mass functions for the Jeans-suppressed power spectrum using a
sharp-k filter [19] for the mass variance for different e-foldings N after the end of inflation.
mass inside of a comoving volume with radius k−1f ,
Mf '
(
4pi
3
) (
af
kf
)3
ρ(af ) ∼ 10−2 kg , (4.1)
and their virial radius and velocity are given by
Rvir '
(
4pi
3
)−1/3 (
Mf
18pi2 ρ(ac)
)1/3
∼ 10−22 m
vvir '
(
GMf
Rvir
)1/2
∼ 104 m s−1 (4.2)
for our choice of parameters. Computing the de Broglie wavelength as λdB = h/mvvir,
we verify that λdBkf/ac ∼ 10−4. However, the Schwarzschild radius from Eq. (4.1)
is ∼ 10−7Rvir, so these nonlinearities are very unlikely to lead directly to black hole
formation.
The halo mass function describes the comoving number density of clusters per
logarithmic mass interval dn/d log(M) and can be estimated with the Press-Schechter
method [13]. We account for the Jeans-scale suppression of low-mass clusters by com-
puting the mass variance using the sharp-k cutoff [19] applied to the Jeans-suppressed
power spectrum. Clustering sets in when perturbations have crossed the critical am-
plitude for collapse (N ∼ 17 e-foldings after the end of inflation in our example) and
proceeds by a hierarchical production of higher-mass clusters out of smaller ones, see
Fig. 3.
As expected, the resulting initial distribution of inflaton cluster masses is strongly
peaked near the horizon mass at the end of inflation, Mic ∼ 0.1Mf . The initial
generation of clusters will undergo mergers, leading to the production of “halos” that
are far more massive than the initial population. The detailed form of the halo mass
– 5 –
function will depend on the specifics of the inflationary model. However, as noted above
the nonlinear evolution only depends weakly on the initial sub-horizon spectrum, so
the suppression at low masses seen in Fig. 3 is generic for scenarios in which the
post-inflationary condensate undergoes gravitational collapse.
5 Inflaton stars
On scales ∼ λdB we see additional phenomena, relative to our expectations from the
analogy with simple cold dark matter. In particular, the Schro¨dinger-Poisson equation
[21, 22] predicts the formation of gravitationally bound solitonic objects, or Bose stars.
These are described by stationary solutions of the Schro¨dinger-Poisson equation and
are supported against gravitational collapse by gradient energy of the scalar field.
In the context of axion dark matter it is well established that Bose stars can form
either spontaneously by gravitational Bose-Einstein condensation [14, 23] or during the
violent relaxation phase of collapsing bosonic dark matter halos [24–26]. The former
process is entirely classical and can be described by a kinetic formalism analogous to
the Landau equation [15]. Numerical simulations indicate that both the formation
and mass growth of Bose stars are governed by the gravitational condensation time,
which for a virialized cluster with crossing time tcr ∼ Rvir/vvir ∼ td can be written as
τ ∼ 0.05 tcr (λdB/Rvir)3 [15] where we have neglected the Coulomb logarithm.
For our parameters, τ ∼ 10−19 s, far greater than the Hubble time at the time of
collapse, H−1(ac) ∼ 10−26 s. Consequently, the formation of “inflaton stars” by Bose-
Einstein condensation is not guaranteed and will depend on the time at which reheating
occurs. However, simulations of axion star formation in axion miniclusters [26] suggest
that their formation time might be significantly shortened by strong fluctuations of
the gravitational potential during the collapse of the inflaton cluster.
After an inflaton star has formed, its mass grows in time as (t/τ)1/2 [15, 26]. As
first shown in simulations of ultra-light axion halos by Schive et al. [27] (and confirmed
by [25]), the final mass of solitonic objects in virialized clusters follows a scaling relation
with the cluster mass as Mis ∼ M1/3ic . Heuristically, it follows from demanding that
the soliton radius is of the order of the de Broglie wavelength of the cluster, Ris ∼ λdB.
It was shown to be a consequence of the saturation of mass growth when the virial
velocity of the soliton itself begins to dominate the condensation time [26]. Applying
this relation to inflaton stars forming in inflaton clusters, we obtain typical masses of
the order of
Mis =
(
~
m
) (
3
10 aG
)1/2 (
24pi3 ρ(ac)
)1/6
M
1/3
ic
∼ 10−6 kg . (5.1)
Their central density is approximately
ρc ' 4× 10−3
(
Gm2
~2
)3
M4
∼ 1067 kg m−3 ∼ 106 ρ(ac) . (5.2)
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Once the Universe is fully thermalised, the density and temperature are related
by
ρ = g?
pi2
30
T 4 (5.3)
where g? is the effective number of relativistic degrees of freedom. If reheating is
instantaneous, the maximal temperature possible is around that will be attained is
around Tmax ≈ 1016 g−1/4? GeV. Standard Model particles alone contribute around 100
degrees of freedom, and at GUT scales g? could be much larger, but its impact is
blunted by the fractional exponent.
Recalling that ρ ∼ a−3 during matter domination, if g? is fixed we have
Tr
Tmax
=
(
af
ar
)3/4
. (5.4)
Conseqently, if inflaton clusters form, the maximal possible reheat temperature is
around 10−6 Tmax. If the universe grows by a further factor of (10−17/10−25)2/3 be-
fore inflaton stars form, the maximal reheat temperature is 106 g
−1/4
? GeV, still far
above LHC scale physics.
6 Conclusions and Discussion
Simulations confirm that gravitationally bound structures form after the nonlinear
collapse of the inflaton condensate [3]. This process obeys the same dynamics as halo
formation in dark matter scenarios based on ultralight bosonic particles. Using semi-
analytical tools and rescaling simulations of axion dynamics we predict that without
prompt reheating, large field inflation can be followed by the formation of a hierarchy
of virialized halos (inflaton clusters) and solitons (inflaton stars), via Bose-Einstein
condensation.
If the reheating temperature is below ∼ 105 GeV we expect overdensities on the
order of 106. These estimates will need to confirmed with detailed simulations but it is
clear that, in the absence of mechanisms for insuring prompt reheating, thermalisation
will occur in a highly inhomogeneous universe, dominated by nonlinear, gravitation-
ally bound remnants of the inflaton field. The lifetimes of inflaton clusters and stars
depend on their couplings to other particles. Interestingly, inflaton stars locally restore
the coherence of the inflaton field and can therefore decay by parametric resonance,
analogously to the resonant decay of axion stars into photons [14, 28, 29].
The details of our analysis do not depend directly on the inflationary potential; the
phase we consider occurs long after inflation ends and the amplitude of the underlying
field is much smaller than its inflationary value. In this regime, the potential is likely
to be well-approximated by the first term of the Taylor series about its minimum
and can thus be treated as purely quadratic. However, to satisfy constraints on the
tensor:scalar ratio the inflationary segment of the potential must be sub-quadratic in
simple slow-roll scenarios. If the non-quadratic terms are significant in the early post-
inflationary phase these can induce resonance (and oscillon formation) [8], disrupting
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the condensate before any gravitational collapse could occur. Secondly, if inflation ends
with a very sharp transition in the potential the mass of inflaton field at the origin can
be significantly larger than the value derived from purely quadratic inflation. In this
case the post-inflationary horizon size need not be similar to the Jeans length (as it
is for the pure quadratic case) and in extreme cases this could modify the final parts
of the inflationary power spectrum, which would change the details of our analysis.
In extreme cases, the spectrum can increase rapidly if the inflaton approaches a near
plateau, possibly leading to primordial black hole formation, which would also disrupt
the condensate in ways not anticipated by our analysis. Finally, we have not considered
scenarios such as Higgs-inflation [30] in which the inflaton has non-trivial couplings to
gravity; these clearly have the capacity to change the post-inflationary evolution of
inflaton perturbations.
Beyond the intrinsic interest of a nonlinear phase in the early Universe, the de-
tailed dynamics of thermalisation determines the “matching” between present-day and
primordial scales, which depends on the reheating history and has a small but poten-
tially detectable impact on the observable perturbation spectrum [31–34]. Moreover,
the dark matter component of the present-day universe must originate in the very early
Universe, and almost certainly involves physics outside the Standard Model.
The production of dark matter and the thermalisation history of the Universe
could conceivably be linked [35–43]. At the very least, it is certain that in the absence
of prompt thermalisation, reheating must take place within the highly fragmented and
inhomogeneous condensate and this process is currently almost entirely unexplored.
Another fruitful area for further investigation is the possible formation of small pri-
mordial black holes [44–47] as a result of inflaton interactions and the production of
gravitational waves [48] as result of inflaton star mergers and the accelerated motion
of inflaton remnants in the nonlinear universe.
Finally, even the best large scale structure simulations struggle to follow the
Universe through between one and two orders of magnitude of growth. Conversely,
the Universe could conceivably grow by 10 or more orders of magnitude during the
primordial dark age. Consequently, it is likely that semi-analytic estimates – many of
which can be adapted from analyses of large scale structure and boson star formation
in the present epoch – will be critical to understanding the dynamics of long matter-
dominated phase in the aftermath of inflation.
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